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1 Problem Description

For our example mechanical oscillator, with the value of α given by γ/ωr =
1/10, find the matrix A that corresponds to Eq. I.39. Find the eigenvalues
and eigenfunctions of this matrix using MATLAB. Show the MATLAB output.
Assume you have a driving force with an amplitude of 1 mN at the resonant
frequency, find the matrix B, and use MATLAB to find ũ = [x̃, ṽ]t. Show the
MATLAB output. Write the real expressions x and v and use a modified version
of OscillatorI4 to draw a phase plot of the oscillation. How much energy is stored
in the oscillator?

2 Solution

2.1 The A Matrix

Since Eq. I.39 came from Eq. I.17, we must find a similar two equations to
construct A for the mechanical oscillator. Adding a driving force to Eq. I.10
gives the correct equations, which are

dx

dt
− v = 0,

dv

dt
+
k

m
x+ αv = F ′ (1)

where F’ is the driving force into the mechanical oscillator. Putting this into an
equation of the form I.38, A becomes

A =

[
0 1

−k/m −α

]
(2)

where u in Eq. 1.38 is

u =

[
x
v

]
(3)

where x is displacement and v is velocity. The MATLAB code to generate the
matrix A with the given α value and an arbitrary spring constant k and mass
m is shown in Figure 1 below.

To find the eigenvectors and eigenvalues of this new A matrix, the MATLAB
command eig is used. When called on a matrix, eig returns two new matrices,
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E and L, with the command given by: [E,L] = eig(A). L is a diagonal matrix
with the same size as A that holds the eigenvalues of A in the diagonal. E is a
matrix of the same size as A that holds the eigenvectors for each eigenvalue, so
that A*E = E*L. Once the eigenvalues/vectors are generated, the eigenvector
array E is normalized so that the first value in the matrix is 1. The code to
generate this and the output are shown in Figures 2 and 3 below.

Figure 1: Code to Generate A Matrix

Figure 2: Code to Generate Eigenvalue/vector Matrices of A Matrix
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Figure 3: Output of Code from Figure 2

2.2 The B Matrix

To solve for u, we want to create an equation of the form

Bũ = D̃ (4)

To get the equation from Section 2.1 into the form of (4), we need to create the
B matrix by combining together the dũ/dt and A matrix terms. This is done
by multiplying the identity matrix I by the dũ/dt and subtracting A from that
2x2 matrix. Since the solution to ũ will be in phasor form, the derivative of
ũ = iω. However, in order to solve this numerically in MATLAB the value of ω
has to be known. Since the problem says to assume the oscillator is operating
as resonance frequency, we can assume that ω = ωr. To calculate ωr, we use
the relationship given in the problem that α = γ/ωr = 1/10. The eigenvalue
matrix L created in Section 2.1 contains the values of γ in the real part of the
eigenvalues, so we set γ = 0.05. From there, ωr = γ/α = 0.05/0.1 = 0.5. From
here, we can solve for the B matrix. The MATLAB code to do so is shown
below in Figure 4, and the B matrix is shown in Figure 5.
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Figure 4: Code to Generate B Matrix

Figure 5: Output of Code from Figure 4

4



From here, solving for ũ is fairly simple. Since the B matrix has been found,
all we have to do is solve for the D̃ matrix then multiply the D̃ matrix by
the inverse B matrix. Since the driving force, F ′, is represented by the time
derivative of the velocity, the D̃ matrix can be represented as

D̃ =

[
0

iωF̃

]
(5)

Using the given value of the diving force from the problem, ũ can be solved
for easily using MATLAB. The code to do so and the corresponding result are
displayed below in Figures 6 and 7.

Figure 6: Code to Generate D and u Matrices

Figure 7: Output of Code from Figure 6
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2.3 Visualising the Solution

To solve analytically for x and v, there are two separate parts that must be
solved. Both distance and velocity have a transient solution, which dominates
the domain response at the start of the oscillator’s response but gradually goes to
0, and the driven solution that the transient solutions trend towards over time.
The code to generate and plot these solutions is displayed in the MATLAB code
below. Since the end result has a large difference in scale, two separate plots
have been shown to better illustrate whats going on. The code for the second
plot is not included, but it is just the first plot with different x axis limits.

Figure 8: Variable List
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Figure 9: Code to Generate Initial Conditions and Solution Components

7



Figure 10: Code to Generate Complete Solutions
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Figure 11: Code to Plot Solutions
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Figure 12: General Plot of Solutions

10



Figure 13: Focused Plot of Solutions
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2.4 Energy

There are two types of energy to consider, potential energy and kinetic energy,
where the total energy in the spring is the sum of both types. The potential
energy is given by the equation

UP =
kx2

2
(6)

and the kinetic energy is given by

UK =
mv2

2
(7)

By substituting in the solutions for x and v the total energy can be deter-
mined. Focusing on the initial conditions case where the initial displacement is
1, the MATLAB plot for the the potential starting and kinetic energy is shown
below.

Figure 14: Energy Plot for Initial Condition Case Displacement = 1 m
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